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NOMENCLATURE 

Symbol Description 

a Outer radius of cylinder 

b Half-length of heat-generating segment 

c Specific heat 

Function defined following Eq. 16 

Heat- t ransfer coefficient at boundary 

Thermal conductivity 

Biot number 

Fourier cosine t ransform variable 

Laplace t ransform variable 

r Radial coordinate 

t Time 

Uft u^ R a d i a l and a x i a l d i s p l a c e n n e n t f u n c t i o n s 

z A x i a l c o o r d i n a t e 

A, B, C F u n c t i o n s d e f i n e d by E q s . 4 3 - 4 5 

DJ F u n c t i o n d e f i n e d by E q . 50 

E. F u n c t i o n de f ined by E q . 55 

E Y o u n g ' s m o d u l u s 

Fl F u n c t i o n d e f i n e d by E q . 30 

Io> 1| M o d i f i e d B e s s e l f u n c t i o n s of f i r s t k ind 

JQI J l B e s s e l f u n c t i o n s of f i r s t k ind 

Q H e a t - g e n e r a t i o n func t ion 

Q l C o n s t a n t h e a t - g e n e r a t i o n r a t e 

(5 D i m e n s i o n l e s s h e a t - g e n e r a t i o n r a t e 

S y m b o l 

T 

To 

a 

A 
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Mi 
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Ci 
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o . . . . r r 

T 
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*. 
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t . 

e tc 

e tc 

e tc 

Descript ion 

Tempera tu re 

Constant reference tennperature 

Coefficient of the rmal expansion 

Dimensionless half-length of heat-
generating segment 

Auxiliary var iables defined by Eq. 31 

Function defined following Eq. 45 

Dinnensionless axial coordinate 

Heaviside function 

Circunnferential coordinate 

Thermal diffusivity 

Auxiliary var iable defined by Eq. 31 

Poisson ' s rat io 

Roots of Eq. ZZ 

Dimensionless radial coordinate 

Density 

S t ress components 

Dimensionless time 

Stress functions defined by Eq, 9 

Love function 

Dimensionless fornns of 4>, T, etc . 

Laplace t ransform of <t>, T, etc . 

Four ier cosine t rans form of <t>, T, etc. 





TRANSIENT THERMAL STRESSES 
ASSOCIATED WITH SUDDEN INITIATION 
OF INTERNAL HEAT GENERATION IN A 
SEGMENT OF A CIRCULAR CYUNDER 

by 

Richard A. Valentin 
and Daniel F. Schoeberle 

ABSTRACT 

An exact solution is given for the quasi-static thernnal-
s t r e s s field associated with the transient temperatures a r i s -
ing when an infinite, homogeneous, isotropic, right circular 
cylinder, cooled at its surface by a temperature-independent 
boundary conductance, suddenly begins , and thereafter main
tains, uniform internal heat generation within a finite axial 
region. The problem is of interest in certain nuclear-reactor 
analyses related to the behavior of fuel elements during power 
t rans ien ts . The solution form is well suited to numerical 
evaluation, and extensive numerical resul ts are given. 

I. INTRODUCTION 

The solution of three-dimensional thermoelastici ty problems a s s o 
ciated with distributed volumetric heat sources , while certainly not luiique 
to the design and evaluation of nuclear - reac tor components, could reasonably 
be expected to occur frequently in the specialized l i terature of the reactor 
field. That this is not necessar i ly the case is revealed by examining 
commonly used monographs such as Zudans et al. and design information 
such as that contained in the Reactor Handbook.' Component geometry and 
details of the neutron flux justify the use of elementary plane s t r e s s and 
plane s train formulations in many cases . However, even allowing for this , 
the number of solved three-dimensional steady-state and transient problems 
involving internal heat generation is quite small. With the exception of a 
few papers , such as Burgreen ' and Kolesov,'* related to transient behavior 
of smal l , homogeneous, fast sys tems, elasticity problems occurring in 
reactor design seem to have immediately spawned computer codes. Although 
this trend toward computer solutions may be explained in part by the h i s 
tor ical importance and necessi ty of computers in reactor physics, it has 
resulted in a dearth of exact solutions and a tendency to immediately apply 
finite-difference methods in all but the most elementary situations. 



The present work, beyond its value as an approximation to certain 
physical situations occurring in reactor fuel rods during power t rans ien ts , 
illustrates the type of exact solution that can be provided as a ' 'module" in 
large safety-analysis codes to replace the rma l - s t r e s s subroutines r equ i r 
ing extensive storage and long execution t imes. In addition, this report 
gives a convenient set of known resul ts for prel iminary testing of compre 
hensive codes applicable to those situations whose complexity precludes 
exact analysis. 

The problem to be treated concerns the transient temperature field 
and associated s t ress field caused by sudden initiation of uniform internal 
heat generation in an axial segment of an infinite right circular cylinder. 
The cylinder is homogeneous, isotropic, t ract ion-free, and cooled at the 
surface through a temperature-independent boundary conductance. The 
assumed step function of time in the heat-generation rate cannot be realized 
by any physical process occurring within a reactor ; however, it has value 
as an extreme limiting case. In addition, more realist ic problems may be 
treated by the usual convolution integral applied to this solution and to any 
time variation of power for which the neutron flux (and hence the heat gen
eration) is separable in time and space. The axial jump in heat-generation 
rate is also unrealistic but may be regarded as an approximation to the 
axial variation near a partially inserted bank of strong control rods, or as 
a model of behavior expected from a fuel pin having uneven axial fuel 
enrichment. 

The solution presented assumes time and temperature independence 
of all occurring nnaterial propert ies and is exact within the framework of 
classical quasi-static thermoelasticity theory. Neglect of coupling and 
inertia effects is in part justified by well-known results in dynamic the rmo
elasticity (eg , Nowacki,' p. 262), and by the smoothness to be expected of 
the temperature field in both time and space. In some details , the solution 
resembles one obtained by Youngdahl and Sternberg for the transient s t r ess 
field in a cylinder resulting from a sudden uniform change of surface t em
perature over a finite band. However, in addition to the obvious differences 
of internal heat generation and surface cooling through a boundary conduc
tance, the stress-function fornnulation is different. Rather than the 
Papkovich-Neuber functions, application is made of s t ress functions closely 
related to the Love function and associated with the name of Hoyle. ' 

The temperature field is determined by combined use of Fourier 
cosine, Laplace, and finite Hankel t ransforms in axial position, t ime, and 
radial position, respectively. Solution of the associated s t ress problem 
then follows from the equations defining the Hoyle s t ress functions and the 
boundary conditions of zero surface traction. The s t ress functions, d i s 
placements, and s t resses a re expressed as a combination of ser ies and 
integral expressions involving only elementary functions, Bessel functions. 



and the complennentary e r r o r function. Numerical resul ts a re given for the 
tennperature and s t r e s s components at the cylinder centerline and surface 
as a function of time and axial position for various combinations of the 
Biot number and length of the heat-generating segment. 

II. PROBLEM FORMULATION 

The heat conduction and associated thermoelastici ty problems 
described in the introduction are conveniently referred to cylindrical co
ordinates (r, 9, z) in which r, 9, and z a r e , respectively, the radial , c i r 
cumferential, and axial coordinates. The rotational symmetry of the 
problem ensures that all field quantities are independent of the c i rcumfer
ential coordinate, S. Determination of the temperature field requires 
solution of the equation of heat conduction, 

/ a ' T , 1 aT ^ d ' T \ , Q . dT , , . 

for 0 < t < 00 in the cylindrical region 0 <_ r <_ a, -oo < z < oo. In Eq. 1, the 
constants /c, p, and c are the thermal diffusivity, density, and specific heat, 
respectively, of the cylinder; Q is the heat-generation rate per unit volume 
as a function of position and time. It is assumed that the cylinder, initially 
at uniform tempera ture To, suddenly begins uniform internal heat generation 
at the constant rate Qi in the axial segment between z = -b and z = b, the 
heat-generation rate being zero in the remainder of the cylinder. Heat is 
lost to a surrounding medium of constant temperature Tj through a 
temperature-independent boundary conductanc», h. 

From the above description, the heat-conduction problem is specified 
by the initial and boundary conditions 

0 < t < 00,J 
(2) 

T ( r , z , 0 ) = To, O ^ r ^ a , - o o < z < o o , 

k ( l ^ ) = h(To - T), r = a, -oo < z < oo, 

to which must be appended the regulari ty condition 

T - To as |z | - OC, 0 < t < 00. 0 <_ r ^ a, (3) 

and the definition of the heat-generation function 

Q = Qir)(t>ri(b-iz|), (4) 

where T)(-) is the usual Heaviside function. It is convenient to introduce 
dimensionless quantities defined by 
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Ki 
p = r / a , C, = z / a , 7 = p 

T ( r , z , t ) = To[l + Q T ( p , ( ; , T ) ] , 

_ Q i a ' 

kXo 
ha 
k P = b/a 

(5) 

F r o m Eqs . 1, 4, and 5, the h e a t - c o n d u c t i o n equa t ion b e c o m e s 

SJ^T - ^ = -T)(P - I d ) . ( 0 ^ p ^ 1, -cc < ( ; < cx>, 0 < T < oo) (6) 

where 

1 d , d̂  
+ - ^ + dp^ P Sp S);2' 

vhile the in i t ia l , bounda ry , and r e g u l a r i t y cond i t ions (Eqs . 2 and 3) b e c o m e 

t ( p , C. 0) = 0, 0 < p ^ 1, -oo < i; < 

( 1 ^ + m x ) = 0 , -00 < /; < 
.dp 

0 < T < oo, 

p = l 

T .» 0 as |i;| - 0 < _ p < ^ l , 0 < T < 

V) 

The t h e r m o e l a s t i c i t y p r o b l e m a s s o c i a t e d wi th the t e m p e r a t u r e field 
satisfying E q s . 6 and 7 can be solved in t e r m s of a p p r o p r i a t e l y g e n e r a l i z e d 
Papkovich-Neuber s t r e s s funct ions . H o w e v e r , an a l t e r n a t e a p p r o a c h is 
possible using a set of s t r e s s functions d i s c u s s e d by Hoyle . The l a t t e r 
functions a r e c lose ly r e l a t e d to the Love f o r m u l a t i o n of r o t a t i o n a l l y synn-
me t r i c i s o t h e r m a l p r o b l e m s and have a s l igh t a d v a n t a g e ove r the P a p k o v i c h -
Neuber form in the amount of a l g e b r a i c m a n i p u l a t i o n r e q u i r e d to g e n e r a t e 
the s t r e s s field.''^ 

By including a r o t a t i o n a l l y s y m m e t r i c t e m p e r a t u r e field in the 
c la s s i ca l de r iva t ion of the Love function a s found in Love (Ref. 9, p . 274), 
we can r e p r e s e n t the d i s p l a c e m e n t and s t r e s s f ie lds in t e r m s of two func
tions satisfying 

^ + i ^ + S!n_o ^ + l M + ^ - J _ (^ aET (8) 

An additional motivation for this choice of stress functions is the added convenience in comparing the isotropic 
solution with that for a transversely isotropic solid. The transversely isotropic case can be handled by a stress-
function formulation of Singh,^ which is a direct analog of that used in this report. 
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In the a b s e n c e of a nonun i fo rm t e m p e r a t u r e f ield, the Love funct ion, 
X, m a y be def ined in t e r m s of <t> and Q t h rough dx/i)z = <t + fi and a l l 

d i s p l a c e m e n t s and s t r e s s e s e x p r e s s e d in t e r m s of X a l o n e . H o w e v e r , for 
nonun i fo rm T , t h i s r e d u c t i o n to a s ing le s t r e s s function is not p o s s i b l e . 
If the d i m e n s i o n l e s s s t r e s s funct ions Q and ij> a r e defined by 

n = 
a ' E a T o Q 

1 - V n. 

a n d 

* 
a ' E a T o Q ^ 

1 - V 

then Eq. 8 beconnes 

v'n = 0, 

(0 ;< p < 1, -00 < ^ < 00, 0 < T < oo). 

(9) 

and , with the d i m e n s i o n l e s s d i s p l a c e m e n t s and s t r e s s e s Uj-, Uj, O r r ' '-'flfl ' 
Ojz, and Oj.^ r e l a t e d to the a c t u a l c o m p o n e n t s by 

U r ( r , z , t ) = -j a a T o Q u r l p . C' ' ' ' ) ' •••• 

EaToQ ' , , \ 
O r r ( r . z , t ) = -j"—^7 Or r (P .C .T) , 

the d i s p l a c e m e n t and s t r e s s f ie lds a r e ob ta ined f rom 

(10) 

dp dp' 
(11) 

Orr = J dc,' p\dp dp)' 

"ee = " ' * - p[d^ * SFJ • 

° " " dp'\dp-

s - a'» 

( l - v ) T . 

( 1 2 ) 
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Since the surface of the cylinder is assumed tract ion-free, the boundary 
conditions on the s t ress field are 

Orrd.C-T) = 0, a rz ( l , i : .T) = 0 (13) 

(-00 < ^ < oo, 0 < T < oo), 

and, in addition, it is necessary that 

Orr, Ogg, Ozz- 3rz -• 0 as |(; | -* oo. (14) 

The solution of the thermoelasticity problem associated with the t empera 
ture field satisfying Eqs. 6 and 7 thus requires the determination of func
tions h and 0 satisfying Eq. 9 subject to the boundary conditions implied 
by Eqs. 12, 13, and 14. 

III. THE TEMPERATURE FIELD 

Considering the evident symmetry of the temperature field about the 
plane C, = 0 and the assumed regulari ty conditions on the solution, the 
Fourier cosine transform 

T ( p , p , T ) = ^ - ] j^ T(p, C . T ) C O S pCdC, (15) 

when applied to Eq. 6 yields 

dr 
Vff - p ^ f - | ^ = -f(p), (16) 

where 

and 

^ ' ' V p Sp 

The initial and boundary conditions (Eqs. 7) transform to 

T(p.p,0) = 0, 0 < p < 1, 

V^ + mT = 0, p = 1, 0 < T < 00. 
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Applying the Laplace transfornn, 

T(p ,p ,q) = j t (p,p,T) exp(-qT) dr , (18) 
Jo 

to Eqs. 16 and 17 then implies 

V^T - (pHq) T = -q-'f(p), 0 < p < l , (19) 

with the boundary condition 

1 ^ + mT = 0, p = 1. (20) 
dp 

The most straightforward solution of Eqs 19 and 20 follows from the 
application of the finite Hankel t ransform of zero order , ' " 

T*(ei ,P.q) = f pT(p,p,q) Jo(p4i)dp, (21) 
J 0 

where ^j a re the positive, real roots of 

mJo(e) = i^AV- (22) 

The Hankel t ransform (Eq. 2 1), when applied to Eq. 19 together 
with the transformation propert ies of the Vf operator and the integral 

/ ' p J o ( p 4 i ) d p = 5i"'Ji(?). 
' 0 

immediately yields the transformed solution 

^ f(p)Ji(?i) , „ > 
T * f i . p . q = ; ; • (23) 

^ q(?f + p ' + q ) ^ i 

The inversion fornnula for the ze ro -order finite Hankel t ransform (Ref. 10, 
p. 84), 

V-? iT*(e i . p .q ) Jo (p? i ) 
T p , p , q = 2 ) , 

4^ (m^Hf)Jo (̂ei) 

and Eqs. 22 and 23 give 
ap) Jo(p?i) 

•??)(e?+p' + q ) q JoiCi) 

V" t^pMoipt;ii , ^ 
T(p ,p ,q ) = 2m > ; . (24) 

1 
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The invers ion of the Lap lace t r a n s f o r m i s , f o r m a l l y , a s i m p l e m a t t e r 
in Eq. 24 and gives 

T ( p , p , T ) = 2m \ 
f(p){l - e x p [ - ( p ^ + g f ) T ] } Jo(pgi) 

( p n e f ) ( m ^ + e^2)Jo(?i) 

Inversion of the r e m a i n i n g F o u r i e r cos ine t r a n s f o r m , us ing 

T(P>^.T) = f-j J " t(p,p,T) cos p(; dp 

and Eq. 25, then yie lds 

T(p ,C.T) = T , ( p , 0 + Ti (p , C . T ) , 

where 

Jo(p?i) / s in pP cos p^ f ( H - ^rn V - Jo(pgi) / 

^ ' ' P ' ^ ' - - Z . ( m ^ n f ) J o ( e i ) J „ P(p'+?f) 
dp. 

(25) 

(26) 

(27) 

and 

Jo(p?i) ' 4m 'T- •'otP^i) sin p/3 cos pC exp[ - (p^+ ^?) T ] 

P(p'nf) 
dp. 

(28) 

Seve ra l of the o p e r a t i o n s used to obta in E q s . 27 and 28 a r e only 
valid in a formal s e n s e . Howeve r , t h e s e m a n i p u l a t i o n s and s e v e r a l of a 
s imi la r na ture to follow a r e jus t i f ied in the final va l ida t ion of the so lu t ion 
by substi tut ion into the o r i g i n a l equa t ions and by i nves t i ga t i on of the c o n 
vergence of the va r ious s e r i e s r e p r e s e n t a t i o n s . 

The i m p r o p e r i n t e g r a l s in E q s . 27 and 28 m a y be eva lua t ed by 
reference to s tandard i n t e g r a l t a b l e s . F o r exannple , the i n t e g r a l in Eq . 27, 
upon compar i son with i n t e g r a l s 3.741.2 and 3.742.5 of Ref. 11, i m m e d i a t e l y 
yields 

sin ^p cos p(̂  

P(p ' + ?f) 
dp = 

Zi\ [1 - exp(-pei) coshcCi). ;; < p. 

(29) 

12^1 
^ e x p ( - C e i ) s i n h p ^ j . C > P-



To evaluate the integral in Eq. 28, one uses the factorization 

Fi(C.-
sin PP cos p^ exp[-(p^+^i)T] ^ 

:7T7T, '̂ P pip'Ht) 

?i exp(-?i -'{/; p sin (3p cos pl^ exp(-p^T) dp 

Jo 

p sin P P cos pl^ 
exp(-p^T) dp 

the identity sin pp cos p^ = | [ s in p(j3 +^) + sin p(p - ^)], and the integrals 
2.4.21 and 2.4.26 of Ref. 12 to give+ 

fiC;-!") = -^ ]exp(27 i / i i ) erfc(7,+Mi) - exp(-27,Mi) erfc(7i-Mi) 
8?i '-

+ exp(272Mi) erfc(72+Mi) - exp(-27zMi) erfc(72 "Mi) 

+ 2 exp(-?,'T)[2 - erfc(7i) - erfc(72)] | , 

where the auxil iary variables 

- C 

(30) 

Mi = l i T r , and 72 2 v ^ 
(31) 

have been introduced. It is a simple, if somewhfct tedious, matter to verify 
that the solution given by Eqs. 27-30 is a valid solution of Eqs. 6 and 7 and 
that convergence is assured within 0<^p<^ 1, -oo< ^< oo for all T > 0. 

Although Eqs. 27-30 are in an ideal fornn for the numerical evalua
tion of the tempera ture field, the solution of the associated thermoelast ici ty 
problem becomes somewhat eas ier if the steady-state portion of the solu
tion, Ti(p, t,), is expressed as an integral. If one considers the steady-
state problem 

V^fi = -T)0- IC | ) , 0 < p < l , - o o < ^ < 

( 1 ^ + m T i ) = 0 , -c« < C < «>. 
\ dp /o=, 

Tl ^ 0 as Id - 0 < p < 1, 

(32) 

^In the evaluation of this integral, it was noted that the integrals 3.954.1 and 3.954.2 of Ref. 11 were 
incorrectly transcribed from 2.4.26 and 1.4.15 of Ref. 12. Equation 30 may also be uken directly from 
Eq. 48 of Ref. 5. 
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and applies the Fourier cosine t ransform to obtain 

VfTi 

ST, 

-f(p). 0 < p < 1, 

+ mT, 
p=i 

33 

the solution of the transformed problem may be immediately written as 

~ > f(p){pli(p) + m[lo(p) - lo(pp)]} 
' '^ '^^ " P^[pli(p) + mlo(p)] 

which, upon inversion of the cosine t ransform, yields 

Ti(p,C) = ^ 
sinpp cos pC(pIi(p) + m[lo(p) - lo(pp)]} 

P V I ( P ) + mIo(p)] 
dp. (34) 

The complete equivalence of Eq. 34 and Eqs. 27 and 29 may be 
demonstrated by standard complex-variable methods applied to Eq. 34. In 
considering the stress-function equations Eqs. 9, we shall thus assume the 
temperature field to be given by 

T(p.?,T) = -
sin p/3 cos p(;{pl,(p) + m[lo(p) - lo(pp)]} 

dp 
p'[pli(p) +mIo(p)] 

4m r " sin P P cos p^ Y" Jo(P?i) exp[-(p^ + ^i)T 

^ (D' + ( (p^+ef)(mHef) Jo(e'i) 
but for numerical evaluation, Eqs. 27-30 will be used. 

dp , (35) 

IV. THE ASSOCIATED STRESS FIELD 

The associated thermoelasticity problem requires the determination 
of functions ^{p, C,, T) a.nd $(p ,^ ,T) , finite at p = 0, satisfying Eqs. 9 with the 
temperature field given by Eq. 35, and such that the s t resses derived from 
Eq. 12 satisfy Eqs. 13 and 14. The solution of the first equation of Eqs. 9 is 
taken in the form 

^ ( P ' C ' T ) =~ r sin p/3 cos p(;io(pp) A(p,T) dp, 
" Jo ' 

(36) 
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where A(p, T) is an as yet unknown function to be determined by the bound
ary conditions in Eq. 13. The second equation of Eqs. 9 is assumed to have 
a solution 

<t> = i>o + $1 + <t>2 + ll>3, 

w h e r e 4>o is h a r m o n i c and 

and 

V^*, = - T , , 

V' *2 = - f ; 

r,2 * 1 O^ 
V <I>3 = -

(37) 

1 - V dc' • 

Analogously to Eq. 36, the harmonic function <t'o(p, C,T) has the representatic 

^ 2 /• CO 

'I>o(p. C-T) =— I sin PP cos p!;io(pp) B ( P , T ) dp. (38) 

where B(p, T) is to be determined by Eq. 13. The part icular solutions <Iii, 
<t'2> and 1113 a re easily found by inspection of the equations resulting from 
application of the Fourier cosine transform in ^ to Eqs. 37. The appropriate 
part icular solutions a re given by 

/

oo 

p Ipli(p) + mIo(p)J L 

+ 2[pl,(p) + mlo(p)] - [2m + p ' ( l + m / 2 ) ] lo(pp) I dp. 

*2(p. C. T) = - - ^ / p " ' s i n p p c 

and 

p ' sin P P cos PC ) \ . dp. 
Jo ^ (p' + ? i ) ( m ' n f ) J o ( ? i ) 

(39) 

(40) 

* 3 ( P . C ' T ) = f^ ! f°° sin PP cos pC[ppIi(pp)] A ( P . T ) dp. (41) 
T T ^ l - V} JQ 

Upon reference to the boundary conditions (Eq. 13) and Eq. 12, the 
functions A(p, T) and B(p ,T)a re to satisfy 



sc' pW ^/ 

i ^ l =0. 
,5p3C/p=, 

= 0, 
p=i 

(42) 

Substitution of E q s . 38-40 into E q s . 42, eva lua t ion of the r e s u l t a t p = 1, 
and the r e q u i r e m e n t that the i n t e g r a n d s of the r e s u l t i n g i n t e g r a l s v a n i s h , 
imply the following two cond i t i ons : 

plo(p) A I ( P , T ) - Ii(p) B, (p ,T) = mplo(p) - [2m + p ' ( H - m / 2 ) ] I ,(p) 

+ 4m'p^[pl , (p) + mlo(p)] C(p ,T) . 

and 

[p' + 2(l - v ) ] l , ( p ) A,(p ,T) - plo(p) B i (p ,T) = p ' ( l + m / 2 ) [ 2 I , ( p ) - plo(p)] 

- 4 m p V i ( p ) + mlo(p)] C ( P , T ) , 

where 

A ( P , T ) = 
(1 -v) A , (p ,T) 

p [pli(p) + mlo(p)] 

M43) 

and 

B(p,T) = ^jkiil , 
2p ' [pl , (p) + mlo(p)] 

C(p,T) = y e x p [ - ( p ' + g f )T] 

^ ( p ' + l f ) W + ?f)' 

Solution of the pai r of s i m u l t a n e o u s equa t ions (Eqs . 43) then y ie lds 

A(p,T) 

and 

1 - V 
7 ^ ) [ p M p ) + n i I o ( p ) ] n ' ^ ' ° ^ ^ ' ' 2rnIo(p)I , (p) ^ ( m . 2 ) p l f ( p '} 
4m( l -v) , , , 

pA(p) ^Pli(p) + mlo(p)] C ( P , T ) , (44) 

;»'ll»l[pl|lpl . mijipijl' "'" • » " 'o*l • l[lf - mil - ul] Pl„l|>ll|»l • [»' • HI - ul][a» • P̂ ll • m/a] lf{pl| 

' A i l f ' o ' ' ' * "[l^ • '11 • « ] lll|ll}c(p. Tl. 

(45) 



where 

A(p) = [p ' + 2 ( l - v ) ] l f ( p ) -p%'(p). 

Substitution of Eqs. 44 and 45 into Eqs. 36 and 38-41 gives the s t r e s s 
functions 

o(„ r T) = ^ ' ' ' ^ > ( °° " " P P ^°s PCIO(PP) 2, 1 
' " ^ • ^ - J, pM(p)[pMp).mI„(p)]^-'"P^»(P> 

+ 2mIo(p)Ii(p) + (m + 2) plf(p)} dp 

- '-^"^j^ " " P / ^ , ; " ; ^ ' ^ [pli(p) - - lo(p)] C(p, r) dp. (46) 

and 

$(p,c.T)=I r 3 , ; ;"r^r ' '^S . Ih"-^'-^^i'-^p'--^p^^'p'] 
"" JO P A(p)[pl,(p) + mIo(p)] IL J 

• [ppli(p)li(pp) - pIo(p)Io(pp)] + A(p)[pl,(p) + mIo(p)]i dp 

- ^ f °° " " ' f J T ' ^ (lo(pp){p%(p) ^ m ( p ' . 1 - . ) I.(p)} 

^ 7o p'A(p) L 

- p'pli(pp)[pli(p) + mlo(p)] > C(p, T) dp 

4m r -, . , . V J o ( p g i ) e x p [ - ( p ' ^ g f ) T ] 
• — / P - " P P c o s p C 2 . ( p 2 , e f ) - ( m ' + ?f)Jo(l i) '^P- <"'> 

^ 0 1 

The integrals in Eq. 46 and the first two integrals of Eq. 47 are in 
a form suitable for numerical evaluation. However, the improper integral 
over the infinite se r i es that constitutes the last part of Eq. 47 is inconvenient 
for numerical work and, hence, is first evaluated in closed form. Assum
ing an interchange of integration and summation is valid in the last t e rm 
of Eq. 47, we must evaluate 

r°° sin pjS cos pC exp[-(p2 + | ? )T] 
Di(C,T) = S ^ d p . (48) 

jo P(p^ + 4f)' 

This integral may be computed from Eq. 30 by noting that 
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or, a l t e rna te ly , it m a y be taken d i r e c t l y f rom Eq. 78 of Ref. 5. 

It is found that 

D. ( r ,T) = -^4 {(1 -Mi7i-Mi) exp (2 / i i 7 i ) e r f c (Mi+7 i ) 
' 8 | i L 

- (1+Mi'Vi-Mi) exp(-2Mi7i) e r f c ( M i - 7 i ) 

+ (1 -Mi72 -f^i) exp(2^ii72) erfc(Mi +^2) 

- d+Mi'Vz-i"^) exp(-2Mi72)er fc(Mi-72) 

+ 2 exp(-4iT)[2 - e r fc (7 i ) - erfc(72)]} . (50) 

and the r equ i red s t r e s s functions a r e thus speci f ied by E q s . 46 and 47 t o 
gether with Eq. 50. The g e n e r a t i o n of the s t r e s s fieW*^ then follows by s u b 
stitution of the s t r e s s functions (Eqs . 46 and 47) and the t e m p e r a t u r e field 
(Eq. 36) into E q s . 12. The s t r e s s e s then a p p e a r a s 

5 r r ( P . C . T ) = | f , - " P ^ " - P ^ { { [ m ( l - v ) - p ^ ] I , ( p ) - m p I o ( p ) } 
''Jo p'A(p)[pI,(p) + mlo(p)] 

• {Io(pp)[pIo(p) + Ii(p)] - ppl,(p)l,(pp)} 

+ p''l,(pp){mvplj(p) + [m(l -v) + p ' ] Io(p)I,(p) 

+ (1 -v)(2+m)plf(p)} - A(p)[pl,(p) + mlo(p)]} dp 

, 4m r^ sin pfi cos DC , , f , 
~ j A(p) C(p.-^){lo(pp){p(mtp^)Io(p) 

+ [2m( l -v ) + p^(m+l)) l , (p)} - (pp)- ' l , (pp){p[2m(l-v) + p ' ] !„(?) 

+ [2m(l - v) + P V + 2(1 - v)]] I,(p)} - p^pl,(pp)[pl,(p) + mlo(p)] } dp 

^vI,-;;77^7y^,{p-^iJ.(p?i)Oi(c.r) 

+ Jo(pCi)[F, (^ ,T) - ? f D i ( C , T ) ) } , ( 5 1 ) 

The explicit expressions for the displacement components have not been included; however, they may be 
readily computed from Eqs. 46 and 47. 



+ m(l -Zv) pIo(p)I,(p) - m(l -1/) p'lj(p)l- p"'l,(pp)(mlT)lJlp) 

+ Im( l -v ) +p'll„(p)I,(p) + (1 - v)(a+m)plf(p)) - A(p)lpl,(pl tmlo lp l l ldp 

i 4m f'^^ sin pfi cos pC ^, , f , 
~ J A(p) C(p.T)|-(l -iv)pIo(pp)(pI,(p) fmUpJl 

+ (pp)"'l,(pp){plo(p)lp' t 2m(l - v)| t I,(p)[p'(m • 2(1 - v)| + 2(1 - i-)))! dp 

- ^ Z , . . ; L , ; 'P''^-iJ.''--'^i)Di'^.^)-J.IP^)F.(C.r)l. 

a^llp'C.T) = 1 f sin PP CO. PC ([^(1 .^) . 2| 1 I ),^pl,(p))(l,(pp)|2l,(p) 
J„ p A(p)lpl,(p) t ml„(p)l 

- plo(p)) +ppl,(pp)l,(p))dp + ^ /"" ''" ^l(p)' ''^ C(p.T)|l„(pp)(p(2m-p')Io(p) 

- l2m(l - v) + p'(m - 2)1 I,(p)) + p'pl,(pp)[pl,(p) + ml„(p)|j dp 

^ ^(m'nf).Jo(Ci) 

(52) 

(53) 

and 

AP-^-T) = f [ i „ " ; ! ' ^ ' T ' ' ? , ^ ( I p ' - ' n d - v ^ l . i p l ^ m p l o l p ) ) 
1 / p A(p)lpl,(p) + mIo(p)l 

[l„(p)I,(pp) -pl„(pp)l,(p))dp 

4: 4m / "" sin p6 cos pC , ,r » , ., . . 

— J A(P) C(P'-^'{p'pI<)(pp)lpli(p) * ml,(p)l 

- I,(pp)[p'l„(p) + ml|(p)l2(l -v) +p')] |dp 

, 4 m y V,(^.P) 
T /l.,m'nf)J,(e,) (54) 

In the above equations, C(p, r) is given in Eq. 43, D^ ( ^ , T ) in Eq. 50, 
A(p) after Eq. 45, Fi(^,T) in Eq. 30, and 

Ei(C.T) = - ! ^ {(1 -2p? + 2Mi"l'j)e'q>(-2>ii-)'2)erfc(Mi-1'2) + (1 - 2/if - 2Mi1'2) exp(2pi-lj) ertc(M, tTj) 
165; 

- (1 -2^i+2^14-!',) exp(-2Mi>,) erfc(Mi - >,) - (1 - 2̂ 1 - 2Mi>,) exp(2(ii>,) erfc(Mi +>,) 

+ i ^ exp(Mi)(exp(-7i) - exp(--l'5)]} , 

'^ ' (55) 
where the auxiliary variables a re as in Eq. 31. 
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Verification that the ser ies and integrals contained in the r e p r e s e n 
tation of the s tress field (Eqs. 51-54) are uniformly convergent in 0 <̂  p <̂  1, 
-JO < f < 00, for all T > 0 is straightforward. Fur thermore , termwise 
differentiation and differentiation under the integral sign as needed to check 
satisfaction of s t ress equations of equilibrium are easily justified, and 
verification of the boundary conditions (Eq. 13) is immediate. It may also 
be shown that as p -- 3̂ and (̂  — 0, the above solution approaches the 
corresponding plane strain solution. However, this is a somewhat tedious 
process involving, for example, the expansion of various integrands into 
power series valid for small values of the variable of integration. 

V. RESULTS AND DISCUSSION 

The numerical work associated with evaluation of the temperature 
field (Eq. 26) and the s t ress field (Eqs. 51-54) was performed by a single 
FORTRAN program run on the IBM SYSTEM 360/75. Beyond the elemen
tary functions, the only needed subroutines were those used to calculate 
the Bessel functions Jo, J i , Io> a-nd Ij, and the complementary e r r o r function, 
plus a root finder to evaluate the ^̂  defined by Eq. 22, and an integration 
routine. The various function routines were standard p rograms . The inte
gration subroutine was specially written after examination of the s t r e s s -
field integrands indicated that a modified Simpson's rule with a variable 
upper integration limit and variable step size would provide sufficient 
accuracy, there being no need to evaluate the asymptotic "tai ls" of the inte
grals. The subroutine to compute the ^j values was bypassed in most 
computations in favor of reading in a previously computed set of roots or 
those obtained from tabulations such as those contained in Ref. 13. The 
Simpson's-rule subroutine computed the integrals over an increasing 
number of periods of the integrand, comparing each succeeding value of 
the integral with the previous until these differed by less than some assigned 
value (10" inmost of the computations). All function subroutines were 
accurate to at least 7D, and in most cases it was found sufficient to employ 
only the first six roots ?i to achieve 7D accuracy in summations such as 
that defining C ( P , T ) . 

The methods outlined were of sufficient accuracy that, for example, 
the boundary condition Orr(1. C. T") = 0 was met to 6D for all ^,T in the 
ranges computed. The temperature field and the resulting s t r e s ses were 
evaluated for four combinations of the length of the heat-generating segment, 
/3, and the Biot number, m. The Biot number was taken as either m = 0. 1 
or m = 10.0, corresponding in a rough sense, respectively, to a poorly 
cooled cylinder, say gas-cooled, or to a much more efficient coolant, say 
water. For each value of m, the heat-generating length was either a 
"small" value, ^ = 0.5, or a "large" value, /3 = 4.0. The small value 
could model the effect of local hot region caused by uneven fuel loading. 
The large value closely approximates near ^ = P the s t ress field caused by 
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a heat-generat ion rate in the form of a Heaviside function (the field near 
C = P being insensitive to the jump at ^ = -^ , part icularly for large m). 
This heat-generat ion rate models the effect of a strong axial gradient in 
the thermal-neutron flux caused by, say, a partially inserted bank of 
strong control rods 

In each of the four combinations of the paramete rs m and ^, the 
tempera ture and s t r e s s e s were computed at p = 0, 0.5, and 1 and, for each 
value of p, at t imes r = 0.01, 0.04, 0. 1, 0.2, 0.5, 10 , and 5.0 plus the 
steady state, T = co. Axial computations for each p and T were made at 
increments A/; = 0. 1 for 0 £ ^ £ 2 in the case ^ = 0.5 and at increments 
Ai; = 0.5 for 0 £ ^ £ 8 plus A^ = 0.2 for 3 £ (; £ 5 in the case ^ = 4.0. 
This amounted to evaluating Eqs. 26 and 51-54 for almost 8,000 combina
tions of m, /3, p, (;, and T and required approximately 120 min on the 
SYSTEM 360/75. 

The numerical resul ts presented consist of four groups of four 
graphs, one group of four for each pair of parameter values m and )3. Each 
group gives the axial variation of tempera ture , axial s t r e s s , and c i rcum
ferential s t r e s s at the surface and centerline and the shear s t r ess at the 
radial midpoint, p = 0.5. The radial s t r ess component is not explicitly 
shown. However, its general features may be determined from the graphs 
since at the centerl ine it is identical to SQQ and it vanishes at the cylinder 
surface. Appropriate steady-state plane-s t ra in values at p = 0, 1 have 
also been included on each graph as convenient points of reference for com
parison of corresponding resul ts with differing parameter values m and p . 

Figures 1-4 refer to the well-cooled cylinder generating heat within 
a large axial segment (m = 10, ^ = 4). With the exception of a small region 
near /; = (3 , the heat-generating part of the cylinder is in a state of plane 
strain, the shear s t r e s s is quite localized and has appreciable magnitude 
only near /; = |3, and t ransient s t r e s s levels in most regions never exceed 
steady-state values. In Figs . 5-8, the heat-generating length is as in the 
first case (j3 = 4), but the surface cooling is poor (m = 0.1). Hence the 
tempera tures a re higher, alnnost flat radially, and decay more slowly in 
the axial direction than the m = 10 case. Also, the time needed to closely 
approximate s teady-state conditions is larger by an order of magnitude, 
the s t r e s s field is approximately plane over a much smaller region and 
decays slower axially, and the steady-state plane solution is a poorer ap 
proximation to the true steady-state values. It is still t rue, however, that 
within the heat-generat ing region, the transient s t r ess levels do not exceed 
the s teady-s ta te values. 

Figures 9-16 refer to the case j3 = 0.5, a "small" heat-generating 
segment. With the exception of the radial and circumferential components 
of s t r e s s near the cylinder center l ine, the s t ress levels for this case a re 
generally lower than the ^ = 4case sand there is no appreciable region where 
a state of plane s train exis ts . Again the steady-state values provide an upper 
bound to the t ransient s t r e s s levels over most regions of the cylinder. 
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